Symplectic tracking with point magnets in the presence of a longitudinal field is achieved by replacing the drift spaces by a longitudinal drift, which is the motion of a particle in a uniform longitudinal field. Results are given for the transfer functions.
INTRODUCTION
In the absence of a longitudinal magnetic field, symplectic tracking can be achieved by replacing the magnets [l] by a series of point magnets and drift spaces. To treat the case when a longitudinal magnetic field is also present, this procedure is modified in this paper by replacing the drift space by a solenoidal drift, which is defined as the motion of a particle in a uniform longitudinal magnetic field. A symplectic integrator can be obtained by subdividing each magnet into pieces and replacing each magnet piece by point magnets, with only transverse fields, and solenoidal drift spaces. The reference orbit used here is made up of arcs of circles and straight lines [2] which join smoothly with each other. For this choice of reference orbit, the required results are obtained to track particles, which are the transfer functions, and the transfer time for the different elements. It is shown that these results provide a symplectic integrator, and they are exact in the sense that as the number of magnet pieces is increased, the particle motion will converge to the particle motion of the exact equations of motion.
It will be shown below that the above proposed approximate lattice for the case when E, # 0 gives a symplectic integrator.
This integrator is correct to first order in h, using the simplest procedure for specifying the longitudinal field in the solenoidal drift. More complicated procedures for specifying the longitudinal field may improve the accuracy. However first order in h accuracy may be sufficient as the effects due to the longitudinal fields are often small. As one increases the number of magnet pieces, decreasing h, the result obtained by integrating this approximate lattice will converge to the actual motion for the given lattice.
THE EQUATIONS
OF MOTION In the absence of a longitudinal magnetic field, one procedure for symplectic integration is to replace each magnet in the given lattice by a series of point magnets and drift spaces. The equations of motion for the approximate lattice which has only point magnets and drifts can be integrated exactly, which gives a symplectic second order integrator [2] for the case where the longitudinal magnetic field, B,, is absent. dp,-e P, --ds [
P, = (P2 -P2, -Pi> 1'2 I, y are the transverse coordinates in a coordinate system based on a reference orbit with the radius of curvature p(s). As the longitudinal coordinates one can use t, the particle time of arrival at s, and E the particle energy. The longitudinal coordinates obey the equations
For the case where a longitudinal magnetic field is present, B, # 0, the following approximate lattice is proposed.
Each magnet is broken into a number of pieces. A magnet piece of length h is replaced by point magnets, at each end of the piece with only transverse fields B,, B,, and a solenoidal drift which is defined as the particle motion in a uniform longitudinal magnetic
In Eq. (3.1) it has been assumed t,hat the electric field has only the longitudinal component, .!I$. One can show that the equation for dtlds is equivalent to *Work performed under the auspices of the U.S. Department of Energy. In the following, qz = pz/p and qy = PylP, Qs = (1 -n: -n:)"*.
For the approximate lattice which is used to generate the integrator, it is assumed that each magnet is broken up into a number of pieces. Each piece is represented in the approximate lattice by point magnets at the ends of the piece and a solenoidal drift between the point magnets. A solenoidal drift is the motion of a particle in a uniform longitudinal field.
The results are given using a reference orbit made up of circular arcs and straight lines which join smoothly. Thus there are regions of the lattice where the reference orbit has a radius of curvalue l/p = 0, usually at the drifts and quadrupoles, and there are regions where l/p = constant, usually at the dipoles. The results can also be used if one chooses a reference orbit which always uses the local Cartesian CS, based on the chord that joins the end points of each magnet piece on the reference orbit.
nansfer Functions for the Point Magnets
In the approximate lattice, each magnet piece is represented by point magnets at the ends of the pieces and a solenoidal drift between the ends. The magnet piece goes from s = s1 to s = s2 and has a length along the reference orbit of h = s2 -~1. For the point magnets, the transfer functions are The fields A+, by may differ from the actual fields at the point magnet by terms of order h and are given by
(4.lb) j, = B,, fi, = By at s = .sl but not at s = ~2.
Tknsfer Functions for the Solenoidal Drift
For the solenoidal drift between the point magnets, the transfer function for I is given by x2 = xp' + hl 
